ABSTRACT. The author proves a conjecture of Grothendieck concerning the possibility of recovering a normal scheme over a field of finite type over Q from its etale site.
Introduction
This work is devoted to proving a conjecture of Grothendieck which he made in a letter to Gerd Faltings (1983) and in an unpublished paper entitled "Esquisse d'un programme" (1984) . Roughly speaking, he claims that in the case of normal schemes of finite type over finitely generated fields of characteristic zero, all of the information about a scheme is contained in its etale topology.
With some modifications, our proof seems to apply to schemes over finitely generated fields of characteristic ρ > 0 which have transcendence degree > 1, but the proof does not go through for finite fields.
I would like to thank G B. Shabat for directing my attention to the remarkable paper "Esquisse d'un programme," and I would like to thank the participants in I. R. Shafarevich's seminar for their interest in my work.
§1. The etale site of a scheme
In this section we give the basic definitions which will be needed later, and we prove some elementary properties of the etale topology of a scheme.
The basic notion I shall be working with is that of a site. A completely elementary exposition of the concepts connected with sites can be found in [1] (see also [2] and [3] )· DEFINITION 1.1. A site is a category with fibered products in which families { £/ -» U} of morphisms have been distinguished, each family having the same target object; these families are called coverings. Here the following conditions must be fulfilled: 1) Any isomorphism is a covering.
2) The coverings are invariant under base change.
3) If {U i , -> U} is a covering and if {V^ -* £/} is a covering for each /', then { V^ -> U} is a covering.
The objects of the underlying category of a site Τ are called the open sets of Τ. DEFINITION 1.2. Let X and Υ be two sites. A morphism (or continuous map) φ: X -> Υ is a functor <p~l from the underlying category of Υ to the underlying category of X which preserves fibered products and takes coverings to coverings. The sites, the moφhisms of sites and the 2-morphisms of sites obviously form a 2-category, which we denote GTop.
Let X be a scheme. (1.1) {On the right U with the induced scheme structure is regarded as an open set Υ έχ .) PROOF. We shall only give the construction of the map Τ (φ). The verification that (1.1) holds, and that Τ (φ) is unique, is a simple exercise in general topology. The basic role in constructing Τ (φ) is played by the following well-known fact: for any scheme X , the map Λ: -» {χ} gives a one-to-one correspondence between points and irreducible closed subsets of T(X).
Given a point χ e T{X), we set
(of course, one must check that the set on the right is irreducible 
T(<p~x(U))^T(U) for all open U in Y ey
In what follows we shall be primarily interested in the relative case, i.e., the 2-category of sites over a certain base. The definition here is not completely trivial: DEFINITION If X -> S is a scheme over S, then in the obvious way one associates to it the etale site over S €t :
This correspondence extends to a functor from the category S sch /S of schemes over S to the 2-category GTop /S u of sites over S et .
If φ 6 Mor s (X, 7) and p 6t = (9)" 1 , a), then α is determined as follows.
For V an open set in S it we have
From now on we will be working over a field Κ, which we assume to be perfect. 6l .
. The commutativity of (1.2) is obvious. It is also simple to verify that this construction is unique for given X. and PROPOSITION 
Suppose that X and Υ are schemes over an algebraically closed field Κ, Υ is of finite type, and φ = (φ~ , α) € Mor A -(X a , Y €t ) is an admissible morphism. Then for any open U in Υ and any closed point χ ζ. Τ(Χ), the map Τ{φ ν ) maps the fiber of φ~χ {U) over χ bijectively onto the fiber of U over Τ(φ έχ )(χ).
PROOF, (a) Surjectivity. We let y denote Τ(φ)(χ). Let ζ be a point in T(U) over y, and suppose that it does not lie in the image of Τ{φ υ ). Let U z denote the open subset of U obtained by removing all of the points in the fiber over y except for z. Then Τ(φ~1(ΙΙ Ζ )) has no points over χ. But U z is a covering in some neighborhood of y; consequently, φ~ (U z ) must be a covering in some neighborhood of T(tp)~l(y). We have obtained a contradiction.
(b) Injectivity. Again let ζ be a point of T(U) over y. We pass to U z just as in the proof of surjectivity. We consider pr t : U z χ U z -> U z . Since Κ is algebraically closed, Υ is of finite type, and ζ is closed, it follows that there is a unique point (z, z) in the fiber of this projection over ζ . Thus, the diagonal is a covering in some neighborhood of pr~'(z). The same must be the case for the diagonal <p~l(U z ) -> φ~\υ ζ ) χ φ~\ϋ ζ ) and the projection pr,: <p~\U z ) χ <p~\U z ) -> φ~\ϋ ζ ) . This implies that there is a unique point in the fiber over χ in <p~x(\J z ). Π REMARK 1.2. From the proof it is clear that surjectivity holds for any field Κ and point χ. §2. The topological meaning of points Let X be a scheme over Κ. If Ε is an extension of Κ, then an JS'-point of X is a morphism which completes the diagram
In topological language this means that the point corresponds to a local section of the natural projection Χ έχ -> (SpecA") a . The basic task in this section is to prove the converse, i.e., that any local section which is an admissible morphism is induced by some point of X.
It seems that one has a more general fact. Let φ e MoT K (X 6t , Υ έί ). We say that φ is realized by a morphism of schemes if its isomorphism class lies in the image of the map (2.1). PROPOSITION 
Let X and Υ be schemes of finite type over Κ, with X reduced. In order for an admissible morphism φ -(φ~ι, a) e Μοτ κ (Χ έι Υ έι ) to be realized by a morphism of schemes it is sufficient that, for any U which is open in Y et , there exist a morphism <p v eMor K (<p~ (£/), U) which coincides with φ υ on φ" (U)(K).
PROOF. We shall show that φ = φ γ induces φ . Consider the diagram
97\U)
It is commutative, since it is commutative on geometric points and X is reduced. Thus, there exist a morphism α υ : φ~ι(ϋ) -> φ~ι{ϋ), which completes the diagram. We have obviously obtained a morphism α: φ~ι -> φ~ι . We show that it is an isomorphism. We lift our diagram to a diagram over Κ . Clearly, φ υ = (φ ν )^ and φ = φ-g on the geometric points of q>~l(U) and X, respectively. From Proposition 1.3 we immediately conclude that a v is an isomorphism. Consequently, so is α υ . It remains to check that a is an isomorphism in GTop/(Specif)^ , and not only in GTop. It is easy to see that this amounts to commutativity of the diagram Since all of the rows are isomorphisms over X, it is sufficient to verify that the following diagram commutes:
Spec 2s
The composition of the lower arrows is simply the natural projection X E -> Specis. Hence, we must show that φ γ OQ £ is a morphism over 'SpecE. But this is the case for the continuous map (φ γ ) 6t ο (α £ ) έι (see the proof of Proposition 1.2), and hence also for φ γ ° α Ε . PROPOSITION 
Let X and Υ be schemes of finite type over K, with X reduced. For an admissible φ e Mor K (X tx , Y €t ), if there exist a morphism φ Ε : Χ Ε -> Y E which coincides with φ Ε on X E {K), then there exists φ: X -• Υ which coincides with φ on X{K) (E is an extension of K).
PROOF. This follows from the fact that X E -> X is a strict epimorphism in the category of schemes over Κ for any scheme of finite type X and any extension Ε . PROPOSITION Since Spec Ε χ κ Spec AT is a union of several copies of Spec Κ, φ-^ can be realized by a morphism on geometric points. Hence, by Proposition 2.4, the same is true for φ. It is obvious that this construction enables us to realize all of the <p v on geometric points. It then follows, by Proposition 2.3, that φ can be realized by a morphism of schemes. D We shall later need one more construction, which gives a topological (or rather, a homotopic) interpretation of the points. That is, for any geometrically connected scheme X of finite type over Κ and any point χ e X{K) we shall construct a map
Let X be a scheme of finite type over the field Κ, and let Ε be an extension of Κ. Then the natural map
where Γ £ denotes the Galois group Gal(E/E) for any field Ε. It will be shown that these maps are natural relative to morphisms of etale sites of schemes. (For the definition of the fundamental group of a scheme see, for example, [5] .) For the rest of this section X will denote a geometrically connected scheme of finite type over Κ . If y € X{E), then this point gives a section of (2.2) over F E c T K , T E -> π χ {Χ ,y). If we choose an isomorphism π,(Χ, χ) = π χ (Χ, y), we obtain a section Γ £ -> π,(Χ, χ), and hence a cocycle in C l (T E , π { (Χ, χ)). (The action of Γ^. on π, (Χ, χ), and hence also the action of Γ £ , are determined by the sequence (2.2) and the section x t .) It is easy to see that the nonuniqueness in the choice of isomorphism does not affect the cohomology class of this cocycle. We have thereby obtained a map These maps are clearly compatible with one another for different Ε, and they give a map 
where the bottom map is induced by the homomorphism lp t .
PROOF. This is a direct consequence of the construction and Proposition 2.5. D There are several interesting questions concerning the map ι. In many cases one can prove that it is injective-for example, in the case of an arbitrary subvariety of an abelian variety over a field of finite type Q. It seems to be that a more intriguing question is the image of this map. The image will be computed below in one special case. In the general case I think it is reasonable to conjecture that the image is everywhere dense in the projective limit topology
where [n { (X) : H] < oo for schemes X of type Κ(π, 1) over Q. §3. The main theorem In this section Κ denotes a field of finite type over Q. On the other hand, it will be clear fromjhe proof that the theorem remains true for a scheme X with the property that Pic(X) does not contain subgroups isomorphic to G a ; for example, it is true for stable curves.
The plan of proof is as follows. In the first step we show that it suffices to consider affine, geometrically connected X with a nonempty set X{K) of ΑΓ-rational points, and to prove that, for any admissible φ in Mor^A^, (A^ -{0}) έ( ), there exists a morphism I-»A[-{0} which coincides with φ on X(K). We then construct maps of έι -> ϋ έχ can be realized by a morphism of schemes on <p~l(U)(K). Both sides of the problem are clearly local, and we may suppose that we are considering maps φ: V tx^> Y&, where V and Υ are affine, and V is geometrically connected and affine over X. Proposition 2.4 enables one to pass to finite Ε over Κ for which V(E)^0.
Let V E = Spec A and Y E = Spec B. We construct a map φ*:
and > b y our assumption, ξ ο φ Ε is realized by moφhisms of schemes on V 0 (K) and V { (K), where these moφhisms obviously coincide on V o Π V { . Thus, there exists a morphism ψ.: Κ £ -»Α which coincides with ξ ο φ Ε on V E {K).
We set φ*{ξ) = ψ ξ . It is trivial to check that this is a homomorphism. Let <p E :V E^YE be the corresponding morphism of schemes. It is again easy to verify that this morphism coincides with φ Ε on V E {K).
We introduce the notation where μ η is the sheaf of «th roots of 1 in (?*, and the limit is taken over the projective system (/y f mnn ), f mnn : μ Μη ->/ι η is raising to the mXh. power. If Κ is an algebraically closed field (of course, char AT = 0), then μ η is a constant sheaf:
μ η {ϋ) = {the set vT in K}.
In this case we have a canonical isomorphism
Mn (U) = π,(Α^ -{0} , 1)/π,(Α^ -{0}, 1)" , and hence 1 (X,x),7t 1 (A 1 -{0}, 1)) (3.1)
for geometrically connected X. From now on X will denote an affine, geometrically connected scheme of finite type over Κ, which is reduced and for which X(K) is nonempty.
The identification (3.1) obviously enables us to construct a map (where we use the fact, from §2.7, that π 1 is natural).
Γ^ acts on the group on the right (for example, using the identification (3.1)), and clearly Im χ 1ορ c H l (X, Z( 1 )) r * . _ We now consider the Kummer sequence for X (see, for example, [5] ). Passing to the limit over η , we obtain 0*(X) ± H\X, Z(l)) -f (Pic(T)) -> 1, ( * where the term on the right is the Tate module of Pic(X). PROPOSITION 
The diagram
commutes.
PROOF. This can be verified directly by comparing the maps χ η and the identification (3.1.). D PROOF. We let &*{X) denote the subgroup of <9*(X) consisting of maps which take the value 1 at χ. Obviously, Im^* = lm(f* in H l (X, Z(l)). The group &*{X) is a finitely generated free abelian group. Let f x , ... , f n be its generators. Then <f*(X) can be identified with the free profinite abelian group generated by /,,...,/". The "pairing" (f*(X) χ X{K) -* Κ* extends to a "pairing" tf t (X) χ X(K) -> lim lim E*/(E*) n .
Thus, we must prove that, if φ = fffor every φ e (f* o (X) there exists φ which coincides with φ on X(K). We may obviously assume that φ(χ) = 1 (χ € Χ (Κ)). Then by Propositions 3.3 and 3.4 it is sufficient that we have X top (<p) £lrax (note that i: K* -> lim lim E*/(E*) n is injective in the present situation). The theorem now follows from the next proposition and the exact sequence (*). G 
